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Abstract. Phase Space is the framework best suited for quantizing superinte- 
grable systems — systems with more conserved quantities than degrees of free- 
dom. In this quantization method, the symmetry algebras of the hamiltonian 
invariants are preserved most naturally. We illustrate the power and simplic- 
ity of the method through new applications to nonlinear <7-modcls, specifically 
for Chiral Models and de Sitter ^-spheres, where the symmetric quantum 
hamiltonians amount to compact and elegant expressions, in accord with the 
Groenewold-van Hove theorem. Additional power and elegance is provided by 
the use of Nambu Brackets (linked to Dirac Brackets) involving the extra invari- 
ants of superintegrable models. The quantization of Nambu Brackets is then 
successfully compared to that of Moyal, validating Nambu's original proposal, 
while invalidating other proposals. 

Keywords: deformation quantization, superintegrability, Nambu Brackets 
PACS: 02.30.Ik,11.30.Rd,11.30.-j 

This is a pedagogical talk based on [1], with expanded context. Highly symmetric 
quantum systems are often integrable, and, in special cases, superintegrable and 
exactly solvable [2]. A superintegrable system of N degrees of freedom has more 
than N independent invariants, and a maximally superintegrable one has 2N — 1 
invariants. In the case of velocity-dependent potentials, when quantization of a clas- 
sical system presents operator ordering ambiguities involving x and p, the general 
consensus has long been [3] to select those orderings in the quantum hamiltonian 
which maximally preserve the symmetries present in the corresponding classical 
hamiltonian. However, even for simple systems, such as cr-models considered here, 
such constructions may become involved and needlessly technical. 

There is a quantization procedure ideally suited to this problem of selecting the 
quantum hamiltonian which maximally preserves integrability. In contrast to con- 
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ventional operator quantization, this problem is addressed most cogently in Moyal's 
phase-space quantization formulation [4,5], reviewed in [6]. The reason is that the 
variables involved in it ( "phase-space kernels" or "Weyl-Wigner inverse transforms 
of operators") are c-number functions, like those of the classical phase-space theory, 
and have the same interpretation, although they involve ft-corrections ("deforma- 
tions"), in general — so ft — > reduces them to the classical expressions. It is only 
the detailed algebraic structure of their respective brackets and composition rules 
which contrast with those for the variables of the classical theory. This complete 
formulation is based on the Wigner Function (WF), which is a quasi-probability dis- 
tribution function in phase-space, and comprises the kernel function of the density 
matrix. Observables and transition amplitudes are phase-space integrals of kernel 
functions weighted by the WF, in analogy to statistical mechanics. Kernel func- 
tions, however, unlike ordinary classical functions, multiply through the ^-product, 
a noncommutative, associative, pseudodifferential operation, which encodes the en- 
tire quantum mechanical action and whose antisymmetrization (commutator) is the 
Moyal Bracket (MB) [4-6], the quantum analog of the Poisson Bracket (PB). 

Grocncwold's correspondence principle theorem [7] (to which van Hove's exten- 
sion is often attached [8]) points out that, in general, there is no invertible linear 
map from all functions of phase space f(x,p),g(x,p), to hermitean operators in 
Hilbert space Q(g), such that the PB structure is preserved, 



Instead, the Weyl correspondence map [9, 6] from functions to ordered operators, 
2JJ(/) = / drdadxdp f(x,p) exp(zr(p — p) + — x)), specifies a ^-product 
[7,6], W(f * g) = W(f) W(g) , and thus 



The MB is defined as {{/, g}} = {f*g-g*f)/ih, and, as ft 0, MB — > PB. That is, 
it is the MB instead of the PB which maps invertibly to the quantum commutator. 
This relation underlies the foundation of phase-space quantization [7,6]. 

Conversely, given an arbitrary operator J(y,p) consisting of operators j: and p, 
one might imagine rearranging it by use of Hciscnberg commutations to a canonical 
completely symmetrized (Weyl-ordered) form, in general with 0(K) terms generated 
in the process. It might then be mapped uniquely to its Weyl-correspondent c- 
number kernel function / in phase space y i— ► x, and p p, 2U _1 (S') = f(x,p, ft). 
(In practice, there is a more direct inverse transform formula [7, 6] which bypasses 
a need to rearrange to a canonical Weyl ordered form explicitly.) Clearly, operators 
differing from each other by different orderings of their ys and ps correspond to kernel 
functions / coinciding with each other at 0(h ), but different in O(ft), in general. 
Thus, a survey of all alternate operator orderings in a problem with such ambiguities 
amounts, in deformation quantization, to a survey of the "quantum correction" 
0(h) pieces of the respective kernel functions, ie the inverse Weyl transforms of 



Q({/, 5 }) = 1 [Q(f),Q(g) 



(1) 
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those operators, and their study is greatly systematized and expedited. Choice-of- 
ordering problems then reduce to purely ^-product algebraic ones, as the resulting 
preferred orderings are specified through particular deformations in the c-numbcr 
kernel expressions resulting from the particular solution in phase space. 

In this phase-space quantization language, Hietarinta [10] has investigated the 
simplest integrable systems of velocity-dependent potentials. In each system, he has 
promoted the vanishing of the PB of the classical invariant / (conserved integral) 
with the hamiltonian, {H, 1} — 0, to the vanishing of its MB with the hamiltonian, 
{{Hqm, Iqm}} = 0. This dictates quantum corrections, addressed perturbatively in 
h: he has found 0(H 2 ) corrections to the Is and H, needed for quantum symmetry. 
The specification of the symmetric hamiltonian then is complete, since the quantum, 
hamiltonian in terms of classical phase-space variables corresponds uniquely to the 
Weyl-ordered expression for these variables in operator language. 

We quantize nonlinear TV-sphere cr-modcls and chiral models algebraically, to 
argue for the general principles of power and convenience in isometry-preserving 
quantization in phase space: The procedure of determining the proper symmetric 
quantum Hamiltonian yields remarkably compact and elegant expressions. Briefly, 
we find [1] that the maximal symmetry generator invariants are undeformed by 
quantization, but the Casimir invariants of their MB algebras are deformed, in 
accord with the Groenewold-van Hove theorem. Hence, the hamiltonians are also 
deformed, 



for S , where det g is the determinant of the hypersphere metric in the orthogonal 
projection, and the spectra are seen to be proportional to 1(1 + N — 1) for integer 
For G x G chiral models, we find, for the corresponding group manifold quantities, 



Quantization of maximally supcrintegrable systems in phase space has an un- 
expected application: it facilitates explicit testing of Nambu Bracket (NB) [11] 
quantization proposals, through direct comparison to the conventional quantum 
answers thus found. 

The classical evolution of all functions in phase space for such systems is alter- 
natively specified through NBs [1,12], because the phase-space velocity is always 
perpendicular to the 27V-dimensional phase-space gradients of 2N — 1 independent 
integrals of the motion, Li. Thus, for an arbitrary phase-space function k with no 
explicit time dependence, the classical evolution is fully specified by a phase-space 
jacobian which amounts to the Nambu Bracket: 




(3) 





dk d(k,L 1 ,...,...,L 2N -i) 



dt d(q 1 ,p 1 ,q 2 ,P2,--,qN,PN) 
= V{k,L 1 ,...,L 2N -i}, 



(5) 
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where the proportionality constant V can be shown to be a time independent func- 
tion of the invariants. E.g., on S 2 , 



dk _ d(k, L X7 L y , L z ) 



(6) 



dt d(x,p x ,y,p y ) 

where the L^s are invariants corresponding to translations along two orthogonal 
meridians and circles of latitude, respectively. 

However, consistent quantization of NBs has been considered problematic ever 
since their inception. Nevertheless, Nambu's original quantization prescription [11] 
can, indeed, succeed, despite widespread expectations to the contrary. Comparison 
to the standard Moyal deformation quantization vindicates [1] Nambu's early quan- 
tization prescription (and invalidates other prescriptions), for systems such as S N . 
E.g., for the above S 2 , the MB result is actually equivalent to Nambu's quantum 
bracket [1], 

dk — 1 r 1 

—j^ = ^2 h,L x ,L y ,L z j= {{k,H qm }} , (7) 
where [A, B]+ = ih {{A, B}} and 

[A,B,C,Dl = A*[B,C,Dl-B*[C,D,Al + C*[D,A,Bl-D*[A,B,Cl 
= [A, B]± * [C, + [A, C]* * [D, B]* + [A, £>]* * [B, C]* 

+[C, Dl * [A, Bl + [D, Bl * [A, CI + [B, C]* * [A, . (8) 

It turns out that certain conditions often posited and not easy to satisfy in 
general in NB quantization schemes are either satisfied automatically for these su- 
perintegrable systems, or the quantization goes through consistently despite failing 
such unnecessary conditions. We thus stress the utility of phase space quantization 
as a comparison testing tool for NB quantization proposals. More elaborate isome- 
tries of general manifolds in such models are expected to yield to analysis similar 
to what has been illustrated for prototypes. 
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